
Standard complex stuff 

𝑧 = 𝑟𝑒𝑖𝜃; 

𝜽 ∈ (−𝝅,𝝅] 
𝑧𝑛 = 𝑟𝑛(cos𝑛𝜃 + 𝑖 sin 𝑛𝜃) √𝑧

𝑛
= √𝑟

𝑛
(cos

𝜃 + 2𝑘𝜋

𝑛
+ 𝑖 sin

𝜃 + 2𝑘𝜋

𝑛
) ; 

{𝒌 ∈ ℤ: 𝒌 ∈ [𝟎, 𝒏 − 𝟏]} 

𝑒𝑧 = 𝑒𝑥+𝑦𝑖 = 𝑒𝑥(cos 𝑦 + 𝑖 sin𝑦) 
𝑒𝑖𝑧 = cos 𝑧 + 𝑖 sin 𝑧 

ln 𝑧 = ln 𝑟 + 𝑖(𝜃 + 2𝑘𝜋); 
{𝒌 ∈ ℤ: (𝜽 + 𝟐𝒌𝝅) ∈ (−𝝅,𝝅]} 

sin 𝑧 =
1

2𝑖
(𝑒𝑖𝑧 − 𝑒−𝑖𝑧); cos 𝑧 =

1

2
(𝑒𝑖𝑧 + 𝑒−𝑖𝑧)  sinh 𝑧 =

1

2
(𝑒𝑧 − 𝑒−𝑧); cosh 𝑧 =

1

2
(𝑒𝑧 + 𝑒−𝑧)  

sinh 𝑧 = −𝑖 sin 𝑖𝑧 ; cosh 𝑧 = cos 𝑖𝑧 𝑧1̅ + 𝑧2̅ = 𝑧1 + 𝑧2̅̅ ̅̅ ̅̅ ̅̅ ̅; 𝑧1̅ × 𝑧2̅ = 𝑧1 × 𝑧2̅̅ ̅̅ ̅̅ ̅̅ ̅ 

 

Calculus stuff 

Analytic: 𝑢𝑥 = 𝑣𝑦;  𝑢𝑦 = −𝑣𝑥 Entire: Analytic in ℂ 

Harmonic: 𝑢𝑥𝑥 + 𝑢𝑦𝑦 = 0; 𝑣𝑥𝑥 + 𝑣𝑦𝑦 = 0 Exact differential: 𝑑𝑓(𝑥, 𝑦) =
𝜕𝑓

𝜕𝑥
𝑑𝑥 +

𝜕𝑓

𝜕𝑦
𝑑𝑦 

Given 𝒖(𝒙, 𝒚) to find 𝒇(𝒛) = 𝒖(𝒙, 𝒚) + 𝒊𝒗(𝒙, 𝒚) 
○1  Check harmonic: 𝑢𝑥𝑥 + 𝑢𝑦𝑦 = 0 

○2  Let 𝑓(𝑧) = ∫𝑓′(𝑧) 𝑑𝑧 = ∫(𝑢𝑥 − 𝑖𝑢𝑦) 𝑑𝑧 

∫𝑓(𝑧) 𝑑𝑧
𝐶

= ∫ 𝑓(𝑧(𝑡)) 𝑧′(𝑡) 𝑑𝑡
𝑏

𝑎

: 𝑡 ∈ [𝑎, 𝑏] 

𝑓(𝑧) is analytic, 𝐶: 𝑧0 → 𝑧1: 

∫𝑓(𝑧)𝑑𝑧 =
𝐶

∫ 𝑓(𝑧)𝑑𝑧
𝑧1

𝑧0

 

𝑓(𝑧) is analytic, 𝑪 encloses 𝒛𝟎, anti-clockwise: 

∮
𝑓(𝑧)

(𝑧 − 𝑧0)
𝑛
𝑑𝑧

𝐶

=
2𝜋𝑖

(𝑛 − 1)!
𝑓(𝑛−1)(𝑧0) 

 

Sequence & Series stuff 

lim
𝑛→∞

|
𝑧𝑛+1
𝑧𝑛

| {
 < 1   convergent
 > 1      divergent
 = 1 inconclusive

 𝑠 = ∑𝑎𝑛(𝑧 − 𝑧0)
𝑛

∞

𝑛=0

;  𝑅 = lim
𝑛→∞

|
𝑎𝑛
𝑎𝑛+1

| 

Taylor series: 𝑓(𝑧) = ∑
1

𝑛!
𝑓(𝑛)(𝑧0) (𝑧 − 𝑧0)

𝑛
𝑛≥0  ln(1 − 𝑧) = −∑

1

𝑛
𝑧𝑛𝑛≥1   

𝑒𝑧 =∑
1

𝑛!
𝑧𝑛

𝑛≥0

 
sin 𝑧 = ∑

(−1)𝑛

(2𝑛+1)!
𝑧2𝑛+1𝑛≥0   

cos 𝑧 = ∑
(−1)𝑛

(2𝑛)!
𝑧2𝑛𝑛≥0   

sinh 𝑧 = ∑
1

(2𝑛+1)!𝑛≥0 𝑧2𝑛+1  

cosh 𝑧 = ∑
1

(2𝑛)!
𝑧2𝑛𝑛≥0   

1

𝑧 + 𝑎
=
1

𝑎
∑(

−1

𝑎
𝑧)

𝑛

𝑛≥0

 

 

Ordinary differential equation stuff 

Given 𝒚′ + 𝑨(𝒙)𝒚 = 𝑩(𝒙) 

𝑦 =
1

𝛼(𝑥)
(∫ 𝛼(𝑥) 𝐵(𝑥) 𝑑𝑥 + 𝐶);  

𝛼(𝑥) = 𝑒∫𝐴(𝑥)𝑑𝑥 

Given 𝑷(𝒙, 𝒚)𝒅𝒙 + 𝑸(𝒙, 𝒚) 𝒅𝒚 = 𝟎 

○1  Check exact: 
𝜕𝑃

𝜕𝑦
=

𝜕𝑄

𝜕𝑥
 

○2  ∫ 𝑃(𝑢, 𝑦) 𝑑𝑢
𝑥

0
+ ∫ 𝑄(0, 𝑣) 𝑑𝑣

𝑦

0
= 𝐶 

Given 𝒈(𝒙, 𝒚, 𝒚′, 𝒚′′) = 𝒇(𝒙) 
○1  Solve 𝑦ℎ for 𝑓(𝑥) = 0 

○2  Let 𝑦𝑝 be a linear combination of terms in the 

closed set of the terms in 𝑓(𝑥), compute 𝑦𝑝
′ , 𝑦𝑝

′′ 

○3  𝑦 = 𝑦ℎ + 𝑦𝑝 

Given 𝒖𝒙, 𝒖𝒚 to find 𝒖(𝒙, 𝒚) 

○1  𝑢 = ∫𝑢𝑥 𝑑𝑥 + ℎ(𝑦) 

○2  𝑢𝑦 =
𝜕𝑢

𝜕𝑦
=

𝜕(∫𝑢𝑥 𝑑𝑥)

𝜕𝑦
+ ℎ′(𝑦) 

○3  𝑢 = ∫𝑢𝑥 𝑑𝑥 + ∫ℎ
′(𝑦)𝑑𝑦 

Given 𝒂𝒚′′ + 𝒃𝒚′ + 𝒄𝒚 = 𝟎 

𝑦ℎ = {

𝐶1𝑒
𝑟1𝑥 + 𝐶2𝑒

𝑟2𝑥                          𝑟1 ≠ 𝑟2
𝑒𝑟𝑥(𝐶1𝑥 + 𝐶2)                             𝑟1 = 𝑟2
𝑒𝛼𝑥(𝐶1 sin𝛽𝑥 + 𝐶2 cos 𝛽𝑥) 𝑟 = 𝛼 ± 𝛽𝑖

;  𝒂𝒓𝟐 + 𝒃𝒓 + 𝒄 = 𝟎 

Solutions linear independence: 

𝑊 = |
𝑦1
(0)

⋯ 𝑦𝑛
(0)

⋮ ⋱ ⋮

𝑦1
(𝑛−1)

⋯ 𝑦𝑛
(𝑛−1)

| ≠ 0 

Given ∑ 𝒂𝒊𝒚
(𝒊)𝒏

𝒊=𝟎 = 𝟎 

𝑦ℎ =∑ (𝑒𝑟𝑖𝑥∑ 𝐶𝑖𝑗𝑥
𝑗

𝑚𝑖−1

𝑗=0
)

𝑘

𝑖=1
;  ∑ 𝒂𝒊𝒓

𝒊
𝒏

𝒊=𝟎
=∏ (𝒙 − 𝒓𝒊)

𝒎𝒊

𝒌

𝒊=𝟏
= 𝟎 

Change of variables: 

𝑥′′ = 𝑒𝑢 

𝑦′′ = 𝑣 

𝑦′′ = 𝑒−𝑢𝑣′ 
𝑦′′ = 𝑒−2𝑢𝑣′′ − 𝑒−2𝑢𝑣′ 

Given 𝒂𝒙𝟐𝒚′′ + 𝒃𝒙𝒚′ + 𝒄𝒚 = 𝟎 

𝑦ℎ = {

𝐶1𝑥
𝑟1 + 𝐶2𝑥

𝑟2                                               𝑟1 ≠ 𝑟2
𝑥𝑟(𝐶1 ln 𝑥 + 𝐶2)                                          𝑟1 = 𝑟2
𝑥𝛼[𝐶1 sin(𝛽 ln 𝑥) + 𝐶2 cos(𝛽 ln 𝑥)] 𝑟 = 𝛼 ± 𝛽𝑖

;  𝒂𝒓𝟐 + (𝒃 − 𝒂)𝒓 + 𝒄 = 𝟎 

 



Partial differential equation stuff 

Partial integration: 

Let all constants 𝐶𝑛 = 𝑓𝑛(𝑦) for ∫𝑢(𝑥, 𝑦) 𝑑𝑥 

Given 𝒂𝒖𝒙𝒙 = 𝒖𝒕 

𝑢𝑖(𝑥, 𝑡) = (𝐴 sin 𝜅𝑥 + 𝐵 cos 𝜅𝑥)𝑒
−𝑎𝜅2𝑡 + 𝐶𝑥 + 𝐷 

Given 𝒂𝟐𝒖𝒙𝒙 = 𝒖𝒕; 𝑢|𝑥=0 = 𝑐; 𝑢|𝑥=𝐿 = 𝑑; 𝑢|𝑡=0 = 𝑓(𝑥) 

𝑢(𝑥, 𝑡) = 𝑐 +
𝑑−𝑐

𝐿
𝑥 + 2∑ 𝑘𝑛 sin

𝑛𝜋

𝐿
𝑥 𝑒

−(
𝑛𝜋𝑎

𝐿
)
2
𝑡∞

𝑛=1 ; 𝑘𝑛 =
1

𝐿
∫ (𝑓(𝑥) − 𝑐 −

𝑑−𝑐

𝐿
𝑥) sin

𝑛𝜋

𝐿
𝑥 𝑑𝑥

𝐿

0
  

Given 𝒖𝒕𝒕 = 𝒄
𝟐𝒖𝒙𝒙;  𝑢|𝑥=0 = 𝑢|𝑥=𝐿 = 0;  𝑢|𝑡=0 = 𝑓(𝑥); 𝑢𝑡|𝑡=0 = 𝑔(𝑥) 

○1  𝑢(𝑥, 𝑡) = 2∑ sin
𝑛𝜋

𝐿
𝑥 (𝑎𝑛 cos

𝑛𝜋𝑐

𝐿
𝑡 + 𝑏𝑛 sin

𝑛𝜋𝑐

𝐿
𝑡)∞

𝑛=1  

○2  {
𝑎𝑛 =

1

𝐿
∫ 𝑓(𝑥) sin

𝑛𝜋

𝐿
𝑥 𝑑𝑥

𝐿

0
    

𝑏𝑛 =
1

𝑐𝑛𝜋
∫ 𝑔(𝑥) sin

𝑛𝜋

𝐿
𝑥 𝑑𝑥

𝐿

0

 

Given 𝒖𝒙𝒙 + 𝒖𝒚𝒚 = 𝟎;  𝑢|𝑥=0 = 𝑢|𝑥=𝑎 = 𝑢|𝑦=0 = 0;  𝑢|𝑦=𝑏 = 𝑓(𝑥) 

𝑢(𝑥, 𝑦) = 2∑ (𝑑𝑛 sin
𝑛𝜋

𝑎
𝑥 sinh

𝑛𝜋

𝑎
𝑦) ; ∞

𝑛=1 𝑑𝑛 =
1

𝑎 sinh
𝑛𝜋𝑏

𝑎

∫ 𝑓(𝑥) sin
𝑛𝜋

𝑎
𝑥 𝑑𝑥

𝑎

0
  

Given 𝑷(𝒙, 𝒚, 𝒖)𝒖𝒙 +𝑸(𝒙, 𝒚, 𝒖)𝒖𝒚 = 𝑹(𝒙, 𝒚, 𝒖);  𝑢|𝑦=0 = 𝑓(𝑥) 

○1  
𝜕𝑥

𝑃(𝑥,𝑦,𝑢)
=

𝜕𝑦

𝑃(𝑥,𝑦,𝑢)
=

𝜕𝑢

𝑅(𝑥,𝑦,𝑢)
;  {
𝑄 𝑑𝑥 = 𝑃 𝑑𝑦                            
𝑅 𝑑𝑥 = 𝑃 𝑑𝑢;   𝑅 𝑑𝑦 = 𝑄 𝑑𝑢

 

○2  𝐹(∫𝑄 𝑑𝑥 − ∫𝑃 𝑑𝑦) = ∫𝑅 𝑑𝑥 − ∫𝑃 𝑑𝑢 = ∫𝑅 𝑑𝑦 − ∫𝑄 𝑑𝑢 

○3  Substitute 𝑢(𝑥, 0) = 𝑓(𝑥) to find 𝐹(𝑡) 

○4  Find 𝑢(𝑥, 𝑦) 

Given 𝒆𝒒[𝒖,𝒖𝒙, 𝒖𝒕] 
○1  Let 𝑢(𝑥, 𝑡) = 𝑋(𝑥) ∙  𝑇(𝑡) 

○2  𝑓(𝑋, 𝑋′) = 𝑔(𝑇, 𝑇′) = 𝑘 

○3  Reduce into ODEs 

○4  Find 𝑋(𝑥), 𝑇(𝑡) 

○5  Find 𝑢(𝑥, 𝑡) 

 

Fourier stuff 

Given 𝒇(𝒙) of period 𝟐𝒓 

○1  𝑓(𝑥) = 𝑎0 +∑ (𝑎𝑛 cos
𝑛𝜋

𝑟
𝑥 + 𝑏𝑛 sin

𝑛𝜋

𝑟
𝑥)∞

𝑛=1  

○2  

{
 
 

 
 𝑎0 =

1

2𝑟
∫ 𝑓(𝑥) 𝑑𝑥
𝑟

−𝑟
              

𝑎𝑛 =
1

𝑟
∫ 𝑓(𝑥) cos

𝑛𝜋

𝑟
𝑥 𝑑𝑥

𝑟

−𝑟

𝑏𝑛 =
1

𝑟
∫ 𝑓(𝑥) sin

𝑛𝜋

𝑟
𝑥 𝑑𝑥

𝑟

−𝑟

 

Given 𝒇(𝒙) for 𝒙 ∈ [𝟎, 𝒓] to extend evenly to period 𝟐𝒓 

○1  𝑓(𝑥) = 𝑎0 +∑ (𝑎𝑛 cos
𝑛𝜋

𝑟
𝑥)∞

𝑛=1  

○2  {
𝑎0 =

1

𝑟
∫ 𝑓(𝑥) 𝑑𝑥
𝑟

0
                

𝑎𝑛 =
2

𝑟
∫ 𝑓(𝑥) cos

𝑛𝜋

𝑟
𝑥 𝑑𝑥

𝑟

0

 

Given 𝒇(𝒙) for 𝒙 ∈ [𝟎, 𝒓] to extend oddly to period 𝟐𝒓 

𝑓(𝑥) = ∑ (𝑏𝑛 sin
𝑛𝜋

𝑟
𝑥)∞

𝑛=1 ; 𝑏𝑛 =
2

𝑟
∫ 𝑓(𝑥) sin

𝑛𝜋

𝑟
𝑥 𝑑𝑥

𝑟

0
  

 

Calculus identities 

𝑑(sin𝑥) = cos 𝑥 𝑑𝑥 𝑑(cos𝑥) = − sin𝑥 𝑑𝑥 𝑑(tan 𝑥) = sec2 𝑥 𝑑𝑥 

𝑑(sec 𝑥) = sec 𝑥 tan 𝑥 𝑑𝑥 𝑑(csc 𝑥) = −csc𝑥 cot 𝑥 𝑑𝑥 𝑑(cot 𝑥) = −csc2 𝑥 𝑑𝑥 

∫ sec 𝑥 𝑑𝑥 = ln|tan 𝑥 + sec 𝑥| + 𝐶  ∫𝑎𝑥 𝑑𝑥 =
1

ln𝑎
𝑎𝑥 + 𝐶  ∫ ln 𝑥 𝑑𝑥 = 𝑥 ln 𝑥 − 𝑥 + 𝐶  

∫ csc 𝑥 𝑑𝑥 = −ln|csc 𝑥 + cot 𝑥| + 𝐶  ∫
1

√1−𝑥2
𝑑𝑥 = sin−1 𝑥 + 𝐶 = −cos−1 𝑥 + 𝐶  

∫ tan 𝑥 𝑑𝑥 = − ln|cos 𝑥| + 𝐶  ∫
1

𝑥√𝑥2−1
𝑑𝑥 = sec−1 𝑥 + 𝐶 = −csc−1 𝑥 + 𝐶  

∫ cot 𝑥 𝑑𝑥 = ln|sin 𝑥| + 𝐶  ∫
1

1+𝑥2
𝑑𝑥 = tan−1 𝑥 + 𝐶 = −cot−1 𝑥 + 𝐶  

 

Trigonometric identities 

sin2 𝑥 + cos2 𝑥 = 1 sec2 𝑥 − tan2 𝑥 = 1 csc2 𝑥 − cot2 𝑥 = 1 

sin(𝑥 ± 𝑦) = sin𝑥 cos 𝑦 ± cos 𝑥 sin𝑦 cos(𝑥 ± 𝑦) = cos 𝑥 cos 𝑦 ∓ sin𝑥 sin𝑦 

sin2𝑥 = 2 sin𝑥 cos 𝑥 cos 2𝑥 = cos2 𝑥 − sin2 𝑥 = 1 − 2 sin2 𝑥 = 2 cos2 𝑥 − 1 

tan 2𝑥 =
2 tan𝑥

1−tan2 𝑥
  tan 3𝑥 =

3 tan𝑥−tan3 𝑥

1−3 tan2 𝑥
  tan 𝑥 =

sin2𝑥

1+cos2𝑥
=

1−cos2𝑥

sin2𝑥
= √

1−cos2𝑥

1+cos2𝑥
  

sin3𝑥 = 3 sin𝑥 − 4 sin3 𝑥 cos 3𝑥 = 4 cos3 𝑥 − 3 cos 𝑥 

sin 𝑥 sin𝑦 =
1

2
[cos(𝑥 − 𝑦) − cos(𝑥 + 𝑦)]  

cos 𝑥 cos𝑦 =
1

2
[cos(𝑥 − 𝑦) + cos(𝑥 + 𝑦)]  

sin 𝑥 cos 𝑦 =
1

2
[sin(𝑥 + 𝑦) + sin(𝑥 − 𝑦)]  

sin 𝑥 ± sin𝑦 = 2 sin
𝑥±𝑦

2
cos

𝑥∓𝑦

2
  

cos 𝑥 + cos𝑦 = 2 cos
𝑥+𝑦

2
cos

𝑥−𝑦

2
  

cos 𝑥 − cos𝑦 = −2sin
𝑥+𝑦

2
sin

𝑥−𝑦

2
  

 


